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Abstract. In this paper, we study anisotropic Bianchi-V universe with magnetic field and bulk
viscous fluid in string cosmology. Exact solutions of the field equations are obtained by using the
equation of state for a cloud of strings, and a relationship between bulk viscous coefficient and scalar
expansion. The bulk viscous coefficient is assumed to be inversely proportional to the expansion
scalar. It is interesting to examine the effects of magnetized bulk viscous string model in early
and late stages of the evolution of the universe. This paper presents the different string models
like geometrical (Nambu string), Takabayashi (p-string) and Reddy string models by taking certain
physical conditions. We discuss the nature of the classical potential for viscous fluid with and
without magnetic field. We find that the introduction of bulk viscosity with and without magnetic
field results in rapid change in density parameters and in the classical potential. The presence of
bulk viscosity prevents the universe to be empty in its future evolution. The other physical and
geometrical aspects of each string model are discussed in detail.
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21. Introduction
Recently, the string cosmology has received considerable attention into the framework of general
relativity mainly because of its possible role in the early universe. The concept of string cosmology
was developed to describe the events at the very early stages of the evolution of the universe. The
presence of the strings during the early universe can be explained using grand unified theories [1-3].
In the early stages of the evolution of the universe it is expected that topological defects could
have formed naturally during the phase transitions followed by spontaneous broken symmetries.
Cosmic strings are linear topological defects, have very interesting properties and might play an
important role in the structure formation. These cosmic strings have stress energy and coupled to
the gravitational field. The gravitational effects of string in general relativity have been studied by
Letelier [4] and Stachel [5]. Letelier [6] studied relativistic cosmological solutions of cloud formed by
massive strings in Bianchi type-I and Kantowski-Sachs space-times. In these models, each massive
string is formed by a geometric string with particles attached along its extension. In principle, the
string can be eliminated and be ended up with the cloud of particles. This is a desirable property
of a model of a string cloud to be used in cosmology. Matraverse [7] presented a class of exact
solutions of Einstein field equations with a two parameter family of classical strings as the source
of the gravitational field. Exact solutions of string cosmology in Bianchi type II, V I0, VIII and IX
space-times have been studied by Krori et al. [8]. Yavuz and Tarhan [9], Bali and Dave [10, 11],
Bali and Upadhaya [12], Bali and Singh [13], Bali and Pradhan [14], Pradhan and Chouhan [15],
Mahanto et al. [16] have investigated Bianchi type string cosmological models in general relativity.
The study of magnetic field provides an effective way to understand the initial phases of the
cosmic evolution. Primordial magnetic field of cosmological origin have been discussed by Asseo
and Sol [17], and Madsen [18]. Wolfe et al. [19], Kulsrud et al. [20], Barrow [21] have studied the
cosmological models with magnetic field and have pointed out its importance in the early evolution
of the universe. Matravers and Tsagas [22] have found that the interaction of the cosmological
magnetic field with the space-time geometry could affect the expansion of the universe. Banerjee
et al. [23], Chakraborty [24], Tikekar and Patel [25, 26] have studied Bianchi type I and III string
cosmological models with and without source-free magnetic field. ShriRam and Singh [27] have ob-
tained some new exact solutions of string cosmology with and without a source-free magnetic field
in Bianchi type I space-time in different basic forms. Patel and Maharaj [28] and Singh and Singh
[29] have studied string cosmology with magnetic field in anisotropic models. Singh and ShriRam
[30] have presented a technique to generate new exact Bianchi type III string cosmological solutions
with magnetic field. Kilinc¸ and Yavuz [31], Pradhan et al. [32], Pradhan [33], Bali and Jain [34],
Saha and Visinescu [35], Pradhan et al. [36, 37], Saha et al. [38], Pradhan et al. [39], Amirhashchi
et al. [40] and Rikhvitsky et al. [41] have investigated string cosmological models in the presence
and absence of magnetic field.
The observations indicate that the media is not a perfect fluid and the viscosity is concerned
in the evolution of the universe [42]. Bulk viscosity has essential importance in early universe. In
order to study the evolution of the universe, many authors [43-51] have investigated cosmological
models with a fluid containing viscosity. Yadav [52], Mohanty and Gauranga [53], Tripathy and
Behara [54] are some of the authors who have studied string cosmological models with viscous fluid.
Bianchi type-V space-times are interesting to study the evolution of universe because of their
richer structure both physically and geometrically than standard Freidmann-Roberson-Walker (FRW)
3models. These models represent the open FRW cosmological model. Coley [55], Singh et al. [56-58],
Singh and Beesham [59], Singh [60] have studied Bianchi V models in general relativity in many
physical contexts. Chakraborty and Chakraborty [61], and Bali [62] have studied string cosmology
with magnetic field in Bianchi V space-time model for different directions of the magnetic field
and string. Some authors [63, 64] have investigated anisotropic models with magnetic field and
bulk viscosity in string cosmology. Recently, Sharif and Waheed [65], and Singh [66] have studied
Bianchi I magnetized viscous fluid model in string cosmology and have discussed the effect of vis-
cous fluid and magnetic field on the classical potential. Therefore, the study of magnetized cosmic
strings with bulk viscosity in richer structure of an anisotropic model like Bianchi V leads to a
better understanding of the dynamics of the universe during early and late stages of the evolution.
The aim of this paper is to find some exact solutions in Bianchi V model with magnetized
viscous fluid in string cosmology and discuss their effects in early and late time evolution of the
universe. The equation of state for a cloud of strings, and the inverse relation between expansion
scalar and bulk viscous coefficient are used to solve the field equations exactly. The paper is orga-
nized as follows.
In section 2 the field equations for Bianchi V model with bulk viscosity and magnetic field in
string cosmology are presented. Section 3 deals with the solution of field equations where a general
quadrature form of volume scale factor of the model is given. Three different exact string models
are presented in subsections 4.1, 4.2 and 4.3 of section 4. We discuss the various physical parame-
ters in each case. Finally, we present a summary of the results in section 5.
2. Model and Basic Equations
We consider the homogenous and anisotropic Bianchi -V metric in the form
ds2 = −dt2 +A2dx2 + e2x (B2dy2 + C2dz2) , (1)
where A, B, and C are scale factors in anisotropic background and are the functions of cosmic time
t only.
The energy-momentum tensor for bulk viscous string dust with magnetic field is given by [6,
67]
T ji = ρuiu
j − λxixj − ξul;l
(
gji + uiu
j
)
+ E ji , (2)
where ρ is the proper energy density for a cloud of strings with particles attached to them and λ
is the string tensor density and is related by ρ = ρp + λ, where ρp is the particle energy density.
The unit time-like vector ui describes the four velocity of the particle and unit space-like vector xi
denotes the direction of the string which can be taken along any of the three directions x, y and
z axes. Thus, without loss of generality let us choose x− direction as the direction of the string
along which the magnetic field is assumed to be present, i.e.,
xi = (A−1, 0, 0, 0) (3)
In a co-moving coordinate system, we have
ui = (0, 0, 0, 1) (4)
4Therefore, we have
uiu
i = −xixi = −1, uixi = 0. (5)
In Eq. (2), ξ is the coefficient of bulk viscosity, ul;l = θ is the expansion scalar and E
j
i is the
electromagnetic field tensor which is given by (see, ref.[68])
E ji = µ¯
[
|h|2
(
uiu
j +
1
2
g ji
)
− hihj
]
, (6)
where µ¯ is the magnetic permeability, and hi, the magnetic flux vector defined by
hi =
1
µ¯
F¯iju
j. (7)
The dual electromagnetic field tensor F¯ij is defined as
F¯ij =
√−g
2
ǫijklF
kl (8)
where F kl is the electromagnetic field tensor and ǫijkl is the Levi-Civita tensor density.
We assume that the magnetic field is generated in yz-plane as its source is the electric current
that flows in x− direction. Therefore, the magnetic flux vector has only one non-zero component
h1, i.e., h1 6= 0, h2 = 0 = h3 = h4. Moreover, the assumption of infinitely electrical conductivity
[69] along with finite current leads to F14 = 0 = F24 = F34.
Using Maxwell’s equations
Fij;k + Fjk;i + Fki;j = 0, and F
ij
;k = 0, (9)
we find
F23 = I = constant. (10)
Hence, the non-zero component of magnetic flux vector is
h1 =
AI
µ¯BC
. (11)
Since |h|2 = hlhl = h1h1 = g11(h1)2, therefore,
|h|2 = I
2
µ¯2B2C2
. (12)
Using Eqs. (11) and (12) into (6), the components of Eji are given by
E11 = −
I2
2µ¯2B2C2
= −E22 = −E33 = E44. (13)
The Einstein’s field equations (in gravitational units c = 8πG = 1) read as
R ji −
1
2
g ji R = −T ji , (14)
5where Rji is the Ricci tensor and R = g
ijRij is the Ricci scalar.
The field equations (14) with (1) and (2) subsequently lead to the following system of equations
A˙B˙
AB
+
B˙C˙
BC
+
C˙A˙
CA
− 3
A 2
= ρ+
I2
2µ¯B 2C 2
, (15)
A¨
A
+
C¨
C
+
A˙C˙
AC
− 1
A2
= − I
2
2µ¯B 2C 2
+ ξθ, (16)
A¨
A
+
B¨
B
+
A˙B˙
AB
− 1
A2
= − I
2
2µ¯B 2C 2
+ ξθ, (17)
B¨
B
+
C¨
C
+
B˙C˙
BC
− 1
A2
= λ+
I2
2µ¯B 2C 2
+ ξθ, (18)
2
A˙
A
− B˙
B
− C˙
C
= 0, (19)
where the over dots indicate ordinary differentiation with respect to t.
Let us define the volume scale factor τ as
τ = ABC. (20)
Let us consider the various important physical quantities such as expansion scalar θ, anisotropy
parameter ∆ and shear scalar σ2, which are defined as
θ = ul;l =
A˙
A
+
B˙
B
+
C˙
C
=
τ˙
τ
, (21)
∆ =
1
3
3∑
i=1
(
Hi −H
H
)2
, (22)
σ2 =
1
2
σijσ
ij =
1
3
∆H2. (23)
Here, H = θ/3 is the mean Hubble parameter and H1 =
A˙
A , H2 =
B˙
B and H3 =
C˙
C are the directional
Hubble parameters in the directions of x, y and z axes, respectively.
The energy conservation equation T ji;j = 0 takes the form
ρ˙+
τ˙
τ
ρ− A˙
A
λ = ξ
τ˙2
τ2
. (24)
3. Solution of the field equations
To solve the field equations (15)-(19), we follow the method recently used by Saha and Visinescu
[36]. From (16) and (17) we get
d
dt
(
C˙
C
− B˙
B
)
+
(
C˙
C
− B˙
B
)(
A˙
A
+
B˙
B
+
C˙
C
)
= 0. (25)
6Using (20) into (25), we get
d
dt
(
C˙
C
− B˙
B
)
+
(
C˙
C
− B˙
B
)
τ˙
τ
= 0, (26)
which on integration, gives
C = d1B exp
(
k1
∫
dt
τ
)
, (27)
where d1 and k1 are constants of integration.
From (19), we get
A2 = d2BC, (28)
where d2 is a constants of integration, which has been taken unity without loss of generality.
From (15)-(18) and (28), we obtain
τ¨
τ
=
1
2
[
(3ρ+ λ) +
A2I2
µ¯τ2
]
+
3
2
ξθ +
6
τ2/3
. (29)
From Eqs. (20), (27) and (28), we find the following form of metric functions in terms of τ
A = τ
1
3 , (30)
B =
1√
d1
τ
1
3 exp
[
−k1
2
∫
dt
τ
]
, (31)
C =
√
d1 τ
1
3 exp
[
k1
2
∫
dt
τ
]
. (32)
Now, Eqs. (24) and (29) take the forms
ρ˙+
(
ρ− λ
3
)
τ˙
τ
= ξ
τ˙2
τ2
, (33)
and
τ¨ =
1
2
(3ρ+ λ)τ +
k
2
τ−
1
3 + 6τ
1
3 +
3
2
ξθτ, (34)
where k = I
2
µ¯ .
Consider the equation of state for a cloud of string models [6]
ρ = αλ, (35)
where the constant α is defined as
α = 1 (geometric or Nambu string),
= (1 + ω) (p- string or Takabayasi string),
= −1 (Reddy string), (36)
7where ω is a positive constant. We further assume that the coefficient of bulk viscosity is inversely
proportional to the expansion scalar [70], i.e.,
ξθ = k2, (37)
where k2 is a positive constant. From (33) and (35), we get
ρ˙(
1− 13α
)
ρ− k2
= − τ˙
τ
, (38)
which on integration, gives
ρ =
3α
(3α− 1)
[
k2 + k3τ
−( 3α−13α )
]
, (39)
where k3 is a constant of integration. For ρ > 0, we must have either α > 1/3 or α < 0. It
means that all the above three string models (36), may be described by assuming the relation (37).
Further, inserting ρ from (39) into (34), we find
τ¨ =
3 (3α + 1) k3
2 (3α − 1) τ
1
3α +
k
2
τ−
1
3 + 6τ
1
3 +
1
2
(
18α
3α− 1
)
k2τ, (40)
whose solution is
τ˙2 =
(
9αk3
3α− 1
)
τ
3α+1
3α +
3
2
kτ
2
3 + 9τ
4
3 +
(
9αk2
3α − 1
)
τ2 + k4, (41)
where k4 is a constant of integration. Now, Eq. (41) can be rewritten as
τ˙ =
√(
9αk3
3α− 1
)
τ
3α+1
3α +
3
2
kτ
2
3 + 9τ
4
3 +
(
9αk2
3α− 1
)
τ2 + k4. (42)
Taking into account that the energy density and string tension density obey the equation of
state (35), we conclude that ρ and λ, i.e., the right hand side of Eq.(34) is a function of τ only, i.e.,
τ¨ = F (τ). (43)
From the mechanical point of view, Eq. (43) can be interpreted as equation of motion of a single
particle with unit mass under the force F (τ). Then, the following first integral exists
τ˙ =
√
2[ǫ− u(τ)], (44)
where ǫ can be viewed as energy level and u(τ) is the potential of the force F . A comprehensive
description concerning potential is found in ref. [71]. Comparing (42) and (44), we find ǫ = k4/2
and
u(τ) = −1
2
[(
9αk3
3α− 1
)
τ
3α+1
3α +
3
2
kτ
2
3 + 9τ
4
3 +
(
9αk2
3α− 1
)
τ2
]
. (45)
Finally, we write Eq. (42) in a general quadrature form as∫
dτ√(
9αk3
3α−1
)
τ
3α+1
3α + 32kτ
2
3 + 9τ
4
3 +
(
9αk2
3α−1
)
τ2 + k4
= t+ t0, (46)
where the integration constant t0 can be taken as zero for simplicity.
84. Solution of various string models
We observe that it is too difficult to solve (46), in general. Therefore, we present the following
three string models depending on the values of α as defined in (36).
4.1 Geometric string model (α = 1)
Let us find the solution for viscous fluid with and without magnetic field in the following sub-
sections.
4.1.1 Viscous fluid solution with magnetic field
For k4 = 0, Eq. (46) reduces to∫
dτ√
9
2 (k3 + 2) τ
4
3 + 32kτ
2
3 + 92k2τ
2
= t. (47)
For 3(k3 + 2)
2 < 4kk2, on integration Eq.(47), gives
τ =
[
1
2k2
√
4kk2 − 3(k3 + 2)2
3
sinh
(√
2k2 t
)
− k3 + 2
2k2
] 3
2
, k2 6= 0, (48)
and when 3(k3 + 2)
2 > 4kk2, Eq.(47) gives
τ =
[
1
2k2
√
3(k3 + 2)2 − 4kk2
3
cosh
(√
2k2 t
)
− k3 + 2
2k2
] 3
2
, k2 6= 0, (49)
For small t, we have sinh
(√
2k2 t
) ≈ √2k2 t. Therefore, Eq. (48) can be written as
τ = (P1t−Q1)3/2, (50)
where P1 =
√
4kk2−3(k3+2)2
6k2
and Q1 =
k3+2
2k2
.
At t = 0, τ becomes imaginary. Thus, for reality of the model, t must satisfy t > Q1P1 .
Using (50), Eqs.(30)-(32) take the forms
A =
√
P1t−Q1, (51)
B =
1√
d1
√
P1t−Q1 exp
[
k1
P1
√
P1t−Q1
]
, (52)
C =
√
d1
√
P1t−Q1 exp
[
− k1
P1
√
P1t−Q1
]
. (53)
The directional Hubble parameters along x, y and z axes are respectively given by
H1 =
P1
2(P1t−Q1) , H2 =
P1
2(P1t−Q1)−
k1
2(P1t−Q1) 32
, H3 =
P1
2(P1t−Q1) +
k1
2(P1t−Q1) 32
. (54)
9The average Hubble parameter in terms of cosmic time t becomes
H =
P1
2(P1t−Q1) . (55)
The anisotropic parameter and shear scalar, respectively have the following expressions
∆ =
2k21
3P 21 (P1t−Q1)
, σ2 =
k21
4(P1t−Q1)3 . (56)
We observe that the scale factors increase with time for t > Q1P1 . The other physical parameters
(54)- (56) diverse at t = Q1P1 and tend to zero as t→∞. From (55) and (56), we get
σ
θ
=
k1
3P1
√
(P1t−Q1)
, (57)
which is time-dependent and tends to zero as t→∞, which shows that the model becomes isotropic
in late time. The deceleration parameter becomes q = 1, i.e., a positive constant. Therefore, the
present model expands with the decelerated rate throughout the evolution.
The energy density and string tension density are given by
ρ = λ =
3
2
(
k2 +
k3
P1t−Q1
)
, (58)
which shows that the matter behaves as a cloud of geometric strings. The particle density, ρp
remains zero throughout the evolution. We observe that ρ and λ remains positive throughout the
evolution and become infinite at the initial epoch at t = Q1P1 . However, ρ and λ decrease with time
for t > Q1P1 and approach to a constant value,
3
2k2 as t → ∞. We observe that this constant value
of ρ is due to the viscous term, k2. It means that the viscosity parameter prevents the universe to
be empty at late times of its evolution.
The classical potential,(45) in terms of t takes the form
u(t) = −3
4
[
3k2(P1t−Q1)3 + 3(k3 + 2)(P1t−Q1)2 + k(P1t−Q1)
]
. (59)
The behavior of the classical potential has been shown in figure 1.
4.1.2 Viscous fluid solution without magnetic field
For α = 1 and in the absence of magnetic field (k = 0), Eq.(46) becomes∫
dτ√
9
2 (k3 + 2) τ
4
3 + 92k2τ
2
= t, (60)
which on integration it gives
τ =
[
(k3 + 2)
2k2
(
cosh(
√
2k2 t)− 1
)] 32
, k2 6= 0, (61)
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We find that the solution (49) also gives the same solution (61) in the absence of magnetic field,
i.e., k = 0. Therefore, the solution (49) may be considered for viscous fluid without magnetic field.
For small t, Eq.(61) gives
τ =
(
k3 + 2
2
) 3
2
t3. (62)
Therefore, the scale factors in terms of t have the following solutions
A =
√(
k3 + 2
2
)
t, (63)
B =
1√
d1
√(
k3 + 2
2
)
t exp
[
k1
4
(
2
k3 + 2
) 3
2 1
t2
]
, (64)
C =
√
d1
√(
k3 + 2
2
)
t exp
[
−k1
4
(
2
k3 + 2
) 3
2 1
t2
]
. (65)
The directional Hubble parameters along x, y and z axes are respectively given by
H1 =
1
t
, H2 =
1
t
− k1
4
(
2
k3 + 2
) 3
2 1
t
, H3 =
1
t
+
k1
4
(
2
k3 + 2
) 3
2 1
t
. (66)
The average Hubble parameter is
H =
1
t
(67)
The anisotropy parameter and shear scalar are respectively take the form
∆ =
k21
3(k3 + 2)3
, σ2 =
k21
9(k3 + 2)3
1
t2
. (68)
From above solutions we observe that the universe starts with t = 0 and expands in all directions
for all t > 0. The rate of expansion in each direction diverse at t = 0 and tends to zero as t→∞.
The anisotropy parameter becomes constant throughout the evolution of the universe where as the
shear scalar varies inversely with the square of time. The model remains anisotropic throughout
the evolution as the ratio of σ/θ = 1/9(k3 +2)
3/2, i.e., a constant. The deceleration parameter q is
zero which shows margin inflation during the expansion.
The energy density and string tension density are given by
ρ = λ =
3
2
(
k2 +
2k3
k3 + 2
1
t2
)
, (69)
We find that the energy density remains positive through out the evolution of the universe. It
is infinite at initial epoch and decreases with time, and ultimately attains a constant value, 3k22
in late time expansion of the universe. Therefore, the bulk viscosity prevents the universe to be
empty during late time of evolution. From (58) and (69) we find that the energy density attains
11
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Fig. 1 Classical Potential versus time for viscous fluid solution with (bold line) and without (dashed line)
magnetic field.
the same constant value with and without magnetic field in late time of evolution.
The classical potential (45) in terms of t takes the form
u(t) = −9(k3 + 2)
3
32
(2 + k2t
2)t4. (70)
Figure 1 plots the potential with respect to time in the presence of viscous fluid and magnetic field
(bold line) and with viscous fluid only (dashed line). We have used the numerical value of various
constants as k2 = 2, k3 = 1, I = 2 or 0 and µ¯ = 1.00001. We observe that µ(t) shows positive and
negative nature with respect to time t in magnetized viscous fluid. However, it has always negative
value and decreases rapidly with time in the presence of viscous fluid only.
4.2. Reddy string model (α = −1)
Let us find the solution for viscous fluid with and without magnetic field in the following sub-
sections for Reddy string model.
4.2.1 Viscous fluid solution with magnetic field
For k4 = 0, Eq.(46) becomes ∫
dτ√
9τ
4
3 + 34(3k3 + 2k)τ
2
3 + 94k2τ
2
= t. (71)
For k2 (3k3 + 2k) < 12, on integration (71), we obtain
τ =
[
1
k2
√
12− k2(3k3 + 2k)
3
cosh
(√
k2 t
)
− 2
k2
] 3
2
, (72)
12
and for k2 (3k3 + 2k) > 12, Eq. (71) gives
τ =
[
1
k2
√
k2(3k3 + 2k)− 12
3
sinh
(√
k2 t
)
− 2
k2
] 3
2
, (73)
For small t, we have sinh
(√
k2 t
) ≈ √k2 t, and therefore, (73) takes the form
τ = (P2t−Q2)3/2, (74)
where P2 =
√
1
3k2
[k2(3k3 + 2k)− 12] and Q2 = 2k2 .
At t = 0, τ becomes imaginary. For reality of the model, t must satisfy t > Q2P2 . From Eqs.(30)-
(32) and (74), we find
A =
√
P2t−Q2, (75)
B =
1√
d1
√
P2t−Q2 exp
[
k1
P2
√
P2t−Q2
]
, (76)
C =
√
d1
√
P2t−Q2 exp
[
− k1
P2
√
P2t−Q2
]
. (77)
The directional Hubble parameters along x, y and z axes are respectively given by
H1 =
P2
2(P2t−Q2) , H2 =
P2
2(P2t−Q2) −
k1
2(P2t−Q2) 32
, H3 =
P2
2(P2t−Q)
+
k1
2(P2t−Q2) 32
. (78)
The average Hubble parameter in terms of cosmic time t is
H =
P2
2(P2t−Q2) . (79)
The anisotropic parameter and shear scalar, respectively take the forms
∆ =
2k21
3P 22 (P2t−Q2)
, σ2 =
k21
4(P2t−Q2)3 . (80)
The above physical parameters in Eqs. (78)-(80) diverge at t = Q2P2 and asymptotically tend to zero
as t→∞. From (79) and (80), we get
σ
θ
=
k1
3P2
√
(P2t−Q2)
. (81)
which is time dependent and tends to zero as t → ∞. Therefore, this string model also becomes
isotropic for large t. The energy density, string tension density and particle density are respectively
given by
ρ =
3
4
[
k2 +
k3
(P2t−Q2)2
]
, λ = −3
4
[
k2 +
k3
(P2t−Q2)2
]
, ρp =
3
2
[
k2 +
k3
(P2t−Q2)2
]
. (82)
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We find that ρ and ρp are infinite at t =
Q2
P2
and tend to a constant values, 3k24 and
3k2
2 , respectively
as t → ∞. The constant values of ρ and ρp in the later stages of evolution are due to the bulk
viscosity.
The string tension density λ remains negative and gradually increases with time and finally it
approaches to a constant value as t→∞.
The potential in terms of t is written as
u(t) = −3
8
[
3k2(P2t−Q2)3 + 12(P2t−Q2)2 + (3k3 + 2k)(P2t−Q2)
]
. (83)
The nature of different density parameters and u(t) have been shown in figures 2 and 3, respectively.
4.2.2 Viscous fluid solution without magnetic field
For α = −1 and in the absence of magnetic field (k = 0), Eq.(46) gives∫
dτ√
9τ
4
3 + 9k34 τ
2
3 + 94k2τ
2
= t. (84)
For k2k3 < 4, on integration (84), we obtain
τ =
[
1
k2
√
4− k2k3 cosh
(√
k2 t
)
− 2
k2
] 3
2
, (85)
and for k2k3 > 4, Eq.(84) gives
τ =
[
1
k2
√
k2k3 − 4 sinh
(√
k2 t
)
− 2
k2
] 3
2
, (86)
One may observe that the above solutions (85) and (86) are same as directly obtained by putting
k = 0 in (72) and (73), respectively. Therefore, the solution of various physical parameters and
their physical significance of this viscous solution may be discussed in the line of subsection 4.2.1
by taking k = 0.
For small t , Eq.(86) gives
τ =
[√
k2k3 − 4
k2
t− 2
k2
] 3
2
, (87)
which is same as the solution (74) in the absence of magnetic field (k = 0).
Figures 2 plot the graph of energy density, energy tension density and particle density with
respect to time in presence of magnetized viscous fluid (bold lines) and in presence of viscous only
(dashed lines) for k2 = 1, k3 = 2, I = 2 and µ¯ = 1.00001. The figure shows that the energy density
and particle density are positive through out the evolution and decrease with time where as the
energy tension density is negative and increases with time and attains a constant value in late time
in both cases. It is interesting to note that these parameters attain the same respective value in
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Fig. 2 Density parameters versus time for viscous fluid solution with (bold lines) and without (dashed lines)
magnetic field.
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Fig. 3 Potential versus time for viscous fluid solution with (bold lines) and without (dashed lines) magnetic field.
both the cases in late time evolution. The behavior of classical potential with time in both cases
is shown in fig.3 for k2 = 3, k3 = 2, I = 2 or 0 and µ¯ = 1.00001. The figure shows that µ(t) is
positive and negative in nature in both cases but it decreases rapidly in former case.
4.3 Takabayashi string model (α = 1 + ω)
For k4 = 0, Eq.(46) reduces to∫
dτ√
9(1+ω)k3
3ω+2 τ
3ω+4
3ω+3 + 3k2 τ
2
3 + 9τ
4
3 + 9(1+ω)k23ω+2 τ
2
= t. (88)
One can observe that it is very difficult to find a general solution of τ in terms of t. Therefore, we
express ρ, λ and ρp in terms of τ as
ρ =
3(1 + ω)
3ω + 2
[
k2 + k3τ
−
2+3ω
3(1+ω)
]
, (89)
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λ =
3
3ω + 2
[
k2 + k3τ
−
2+3ω
3(1+ω)
]
, (90)
ρp =
3ω
3ω + 2
[
k2 + k3τ
−
2+3ω
3(1+ω)
]
, (91)
As ω > 0, we find that ρ, λ and ρp remain positive through out the evolution of the universe. These
physical parameters are decreasing function of τ and become constant for large t due to the bulk
viscosity. The geometrical string model may be recovered for ω = 0 as discussed in Sect. 4.1. The
classical potential in this is given by
u(τ) = −3
2
[
3k3(1 + ω)
3ω + 2
τ
4+3ω
3(1+ω) +
k
2
τ
2
3 + 3τ
4
3 +
3k2(1 + ω)
3ω + 2
τ2
]
. (92)
Fig. 4 illustrates the behavior of potential µ(t) with respect to τ for k2 = 3, k3 = 2, I = 2,
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Fig. 4 Potential versus time for viscous fluid solution with (bold lines) and without (dashed lines) magnetic field.
or 0, µ¯ = 1.00001 and ω = 1. It is clear that potential remains negative and decreases rapidly
throughout the evolution of the universe.
5. Conclusion
We have studied anisotropic Bianchi V string cosmological model with viscous fluid and mag-
netic field in general relativity by taking certain physical assumptions. Since viscous fluid and
magnetic field have cosmological origin, it is interesting to discuss the viscous and magnetic field
effects on the expansion history of the universe in early and late stages of evolution in string cos-
mology. The Einstein’s field equations have been solved exactly for geometrical and Reddy string
models for viscous fluid with and without magnetic field whereas a general quadrature form of
average scale factor has been found in Takabayashi string model. The solutions present interesting
features in the presence of viscous fluid and magnetic field and in the presence of viscous fluid only.
The effect of viscous term has more important for the expansion of the universe as we have already
discussed in different string models. We have also plotted the graphs of various physical parameters
to show the effects of magnetized viscous fluid and bulk viscous fluid without magnetic field.
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In geometrical string model we have observed that proper energy density remains positive
through out the evolution and attains the same constant value during late time for viscous fluid
with and without magnetic field. Hence, the presence of viscous term prevents to be empty in its
future evolution. The classical potential changes its behavior rapidly due to the bulk viscous term.
It is negative through out the evolution in the absence of magnetic field but it is positive for some
finite time and after that it shows the negative nature during late time.
In Reddy string model the proper energy density and particle density remain positive through
out the evolution and attains the same constant value during late time for viscous fluid with and
without magnetic field. The string tension density is always negative and increases with time, and
turns out to be finite during late time. At initial epoch, these physical parameters are infinite while
they attain to be finite in late time due to bulk viscous effects in both cases.
The other physical and kinematical parameters such as the respective directional Hubble pa-
rameters, anisotropic parameter and shear scalar σ in both the string models are infinite at initial
epoch and approach to zero asymptotically. The models approach isotropic at later stages of the
evolution of the universe for viscous fluid with magnetic field where as these models are always
anisotropic for viscous fluid without magnetic field. The deceleration parameter turns out to be a
positive constant in each string model in the presence of viscous fluid with magnetic field which
shows that the universe expands with decelerated rate. It is zero in case of viscous fluid only
showing the marginal inflation during the expansion.
In Takabayashi model we have found a quadrature form of average volume which is too difficult
to solve, in general. The solution for the proper energy density, string tension density and particle
energy density in terms of average scale factor have been represented. These physical parameters
approach to a constant value asymptotically as t→∞ due to the bulk viscosity.
We have also discussed the classical potential with respect to time in each string model and have
observed that the classical potential changes its behavior rapidly due to the bulk viscous term. In
geometrical string model it remains negative and decreases rapidly in viscous fluid solution without
magnetic field. In Takabayashi string model it remains negative in both cases but the effect of
viscous fluid with and without magnetic field vary rapidly. Thus, we conclude that the bulk viscous
fluid with and without magnetic field plays an important role in the evolution of the universe in
anisotropic models. Some more interesting properties of these string models for viscous fluid with
and without solution will be discussed elsewhere.
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